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Abstract: The response of a red blood cell (RBC) to deformation depends on its 
membrane, a composite of a lipid bilayer and a skeleton, which is a closed, two-
dimensional network of spectrin tetramers as its bonds. The deformation of the 
skeleton and its lateral redistribution are studied in terms of the RBC resting 
state for a fixed geometry of the RBC, partially aspirated into a micropipette. 
The geometry of the RBC skeleton in its initial state is taken to be either two 
concentric circles, a references biconcave shape or a sphere. It is assumed that in 
its initial state the skeleton is distributed laterally in a homogeneous manner with 
its bonds either unstressed, presenting its stress-free state, or prestressed. The 
lateral distribution was calculated using a variational calculation. It was assumed 
that the spectrin tetramer bonds exhibit a linear elasticity. The results showed  
a significant effect of the initial skeleton geometry on its lateral distribution in 
the deformed state. The proposed model is used to analyze the measurements of 
skeleton extension ratios by the method of applying two modes of RBC 
micropipette aspiration.  
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INTRODUCTION 
 

The membrane of a red blood cell (RBC) is a composite of a bilayer and an 
underlying network of proteins called the membrane skeleton (below we use the 
term skeleton). The bilayer, which includes the transmembrane proteins 
embedded in a lipid matrix, behaves as an almost incompressible, two-
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dimensional liquid, whereas the skeleton, a two-dimensional, quasi-triangular 
network, is elastically much softer. It is generally agreed that the bilayer 
provides the capacity for RBC membrane bending and the skeleton gives it its 
shear elasticity [1]. The mechanical deformation of the cell causes the bilayer to 
change its shape and the skeleton to redistribute in the plane of the membrane [2, 3].  
The skeleton redistribution depends on the initial conditions, i.e., on the resting 
state of the RBC. The initial state of the RBC spectrin skeleton can be defined 
by assuming that for the prescribed cell shape it is distributed laterally in  
a homogeneous manner. The establishment of a homogeneous distribution of the 
skeleton bonds can be understood on the basis of a permanently occurring 
dissociation of the spectrin tetramers into dimers and their re-association, driving 
the system into a state of maximum entropy. The shape of the RBC membrane 
when it is in the stress-free state is still the subject of speculations and 
discussions. Different conclusions and assumptions about whether in the resting 
state the cell is a biconcave disc [4-6] or a sphere [7] were, e.g., summarized by 
Fischer et al. [8], who suggested that the biconcave shape is a more natural 
choice for the resting shape of the RBC membrane than a sphere. However, what 
exactly is the more appropriate reference shape of the RBC skeleton still remains 
controversial [9].  
A possible direction to study whether the resting shape is a biconcave disc or  
a sphere is to observe the skeleton extension ratios. An original method for 
measuring the skeleton deformation was introduced by Lee et al. [10]. They 
labeled the membrane F-actin using rhodamine phalloidin and employed a “two-
micropipette approach,” schematically shown in Figs. 1A and B. After a cell was 
aspirated into a micropipette, a part of the aspirated skeleton was marked by 
bleaching (Fig. 1A). The cell was then aspirated with another micropipette, 
placed in the opposite direction to the first micropipette (Fig. 1B). The skeleton 
deformation was then obtained from a comparison of the widths of the marked 
skeleton. A comparison of the measured extensions of the skeleton with the 
simulated extensions can lead to a better understanding of the resting state of an 
RBC. The initial state of the skeleton used in the simulation by Lee et al. [10] 
was a sphere, which they claimed was a close approximation to the true 
discocytic reference. 
Here, we re-examine the skeleton redistribution by employing different resting 
shapes of the RBC. Three possible geometrical shapes were assumed as initial 
shapes of the RBC skeleton (Fig. 1C). In the first case the initial shape of the 
RBC skeleton was approximated by two concentric circles. Such geometry 
emphasizes that the discoid shape involves two rather flat sides, but neglects the 
part of the membrane at the cell rim, by which they are connected. In the second 
case the resting shape of the cell is taken to be a biconcave shape [11]. In the 
third case the RBC in its resting state is approximated by a sphere. The first and 
third geometries represent two opposing limits of the possible shape of the initial 
state of the skeleton. The reference biconcave discoid represents a generally 
used shape which was determined by Evans and Fung [11]. 
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Fig. 1. Schematic representation of the method used to measure the RBC skeleton 
deformation [10]. A – RBC aspirated into the right micropipette. The labeled interval is 
ΔsR. B – RBC aspirated into a micropipette positioned to the left. The labeled interval from 
the first aspiration is transformed into the interval ΔsL. C – Initial geometries of the 
skeleton: two circles, biconcave shape and a sphere. Δs0 is the interval on the initial 
geometry that transforms into the labeled intervals on the deformed cells in (A) and (B). 
 

For all of the considered skeleton initial shapes we simulated skeleton redistribution 
for a simple deformation – the aspiration of the RBC into a micropipette. In the 
following section we shall outline the theoretical approach used to model the 
skeleton deformation. In the Results we shall present the behavior of the skeleton 
in all simulations and evaluate the differences between the initial shapes used. 
 
THEORY 
 

In this section we shall define the skeleton deformation and indicate the method 
for determination of the corresponding elastic energy. The RBC’s skeleton is  
a quasi-triangular, two-dimensional network built from bonds and nodes. The 
bonds are spectrin tetramers and the nodes are junctional complexes based on 
short actin filaments [12]. It can be assumed that the skeleton elasticity depends 
mainly on the elasticity of the bonds. The deformation of the skeleton network is 
treated here by a recently developed continuum model of spectrin elasticity 
[Svetina, S. et al. The response of red blood cell membrane skeleton to 
deformations caused by geometrical constrains, in preparation]. In the applied 
procedure it is assumed that a finite rectangular patch of the skeleton with an 
area of a × b contains a sufficient number of bonds that are in the resting state 
oriented randomly in all directions within the plane of the membrane. The 
deformation of the patch is described in terms of two extension ratios, λ1 and λ2, 
meaning that the deformed rectangle has the area λ1a × λ2b. For a bond whose 
direction is defined by the angle φ we determine the energy of deformation by 
describing the elastic properties of the spectrin bonds in terms of Hookean 
springs. The energy of a bond is then proportional to the square of the difference 
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between the length of the bond in the deformed state and the bond’s equilibrium 
length and described in terms of extension ratios λ1 and λ2, and angle φ. The 
energy of a single bond averaged over all bond orientations depends on the 
elastic constant of the Hookean spring k and the extension ratios λ1 and λ2. The 
area density of the skeleton energy is the product of the average bond energy and 
the area density of the undeformed bonds. It depends on the change of the 
skeleton area and its shear deformation. The total energy of the skeleton is then 
the integral of the area density of the skeleton energy over the area of the 
undeformed skeleton. 
The deformations are determined for a cylindrical geometry; therefore, we 
define λ1 and λ2 as the extension ratios along meridians (λm) and parallels (λp,) as 

  
0

m ds
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λ  ,      (1) 
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The parameters s and s0 are the arc lengths measured from one of the cell poles, 
and r and r0 are the distances from the axis (Fig. 2). The functions r(s) and r0(s0) 
are thus the contours of the deformed and undeformed shapes of the skeleton, 
respectively. The reduced skeleton density ρ can be expressed as 

pmλλ

1
ρ  .      (3) 

 
 
 

 
 

Fig. 2. Definition of the geometrical parameters used to define the skeleton deformation. 
The first model simulates the shape of the RBC membrane as two concentric circles, the 
second model as a biconcave disc and the third model as a sphere. The contour of the 
axisymmetric shape of the skeleton is given on the undeformed cell by the distance from 
the axis r0 and the arc length s0, which is measured from the right pole. The corresponding 
contour of the deformed cell is given by r and s. Rp is the micropipette radius. The 
coordinate z is the distance from the left pole. 
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The skeleton at position s0 moves to the unknown position s on the deformed 
shape. The mapping function, which defines from which point on the 
undeformed surface the bond reached the point s, is introduced as s0(s) [13, 14] 
and it is derived by variational calculation. It is to be pointed out that because 
spring constant k appears in the expression of the skeleton energy as a constant 
factor, the variationally obtained mapping function does not depend on its 
magnitude and therefore also not on the corresponding extension and shear moduli.  
In the calculation procedure, the skeleton redistributions obtained for each 
geometrical part of the deformed cell separately are combined by the 
requirements that the extension ratios λm and λp are equal at the poles and 
continuous from one geometrical part to another. The amount of the skeleton and 
its total area are conserved. Different projection lengths (L/Rp) were obtained by 
adjusting the volume of the RBC. 
 
RESULTS 
 
The simulation of the deformation of the RBC aspirated into the micropipette 
was first performed for three initial geometries (two concentric circles,  
a biconcave shape and a sphere) for the stress-free initial skeleton distribution 
(Figs. 1 and 2). The total area of the initial skeleton was taken to be the same for 
all models (A0 = 134.1 μm2). The pipette radius used was Rp = 1.30 μm. The 
length of the aspirated part of the cell was 1.69 μm and to get a spherical outside 
cell shape we made calculations for a cell volume of 138.7 μm3. 
The skeleton redistribution, defined by the extension ratios λm and λp and the 
reduced skeleton lateral density ρ, was obtained for all models (Fig. 3). The 
dependences of λm, λp and 1/λmλp on the coordinate z along the aspirated cell are 
shown. The results obtained for each model differ in several aspects. A notable 
difference between the obtained lateral distributions is in the behavior of the 
skeleton at the external spherical part of the aspirated cell. In the spherical case 
the corresponding extension ratios and the skeleton density do not vary 
appreciably, which is understood to be because the radius of the sphere of the 
aspirated cell does not differ very much from the radius of the initial sphere. In 
contrast to this, in the case of the two circles and in the case of the biconcave 
shape the extension ratio λp has a minimum, whereas λm goes through  
a maximum. In the case of two circles these extremes are sharp-edged because 
of the discontinuous connection between the two circles. The second evident 
difference between the models is in the skeleton extension ratios at the 
hemispherical cap within the aspirated part of the cell. The skeleton there is 
more extended in the case of the two circles than in the case of the sphere. The 
extension ratios in the cell pole are 2.86 for the two circles, 2.25 for the 
biconcave shape and 2.02  for the  sphere.  The skeleton density is also different; 
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Fig. 3. The dependence of the extension ratios and the reduced density on the coordinate z 
for the stress-free initial state (A – two circles, B – biconcave shape, C – sphere) as 
obtained by the variational calculus described in Theory. The diagrams show extensions 
along the meridians (λm, dashed line), along the parallels (λp, dotted line) and the reduced 
density (ρ=1/λmλp, full line) of the skeleton distribution. The part of the curves where z is 
between 0 and approx. 6 corresponds to the outer part of the aspirated cell; the part 
between 6 and 6.5 corresponds to the cylindrical part of the cell in the micropipette; and 
the rest (6.5-8) corresponds to the semi-spherical cap of the deformed cell. 
 

its pole value in the case of the two circles is 0.12, whereas the corresponding 
value in the case of the biconcave shape is 0.20 and in the case of the sphere is 
0.26.The differences in the skeleton behavior in the hemispherical cap can be 
understood in terms of the different relative fractions of the skeleton in different 
parts of the micropipette, presented in Table 1. In the case of the two circles, 
more skeleton at the hemispherical cap is dragged out of the corresponding 
region than in the case of the biconcave shape, where there is also more skeleton 
dragged out of this region than in the case of a sphere, so in the first case there is 
the largest extension in the cell pole and in the third case there is the smallest. 
The “two-micropipette approach” described in Fig. 1 was then simulated for 
each geometrical model of the resting shape of the RBC. The skeleton network 
was labeled in the middle of the cylindrical part when the cell was aspirated into 
 

Table 1. The amount of skeleton in different parts of the aspirated cell relative to its initial 
amount in these parts. 
 

Initial geometry 
Relative fractions 

External part Cylinder Hemispherical cap 

Two circles 1.067 0.721 0.329 

Biconcave shape 1.058 0.765 0.409 

Sphere 1.051 0.829 0.474 
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a micropipette from the right (Fig. 1A). We then determined how the labeled 
part moved in the cell that was aspirated from the left-hand side (Fig 1B). The 
extension ratios along the meridians λm

Lee were defined by Lee et al. [10] as the 
ratio between the widths of the labeled section 

  
L
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s
λ
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

 ,      (4) 

where ΔsR is the width of the marked interval of the skeleton when the cell is 
aspirated from the right and ΔsL is the width of the interval when the cell is 
aspirated from the left. The extension ratios by Lee et al. [10] were obtained by 
considering that the radius of the outer spherical part of the aspirated cell does 
not differ appreciably from the radius of the initial sphere. So the outer spherical 
part of the “left” aspirated RBC is taken as an approximation of the stress-free 
state. In contrast to this approximation we obtained the extension ratios by 
considering the two treated limits of the initial skeleton geometry. The extension 
ratio along the meridians λm is calculated using the width of the labeled interval 
in the case of aspiration, and in the case of the undeformed cell 
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where ΔsR is the same as before, but Δs0 is the labeled interval on the initial 
geometry of the undeformed cell (Fig. 1). The values of the extension ratios are 
presented in Table 2.  
 

Table 2. Extension ratios along the meridians obtained by the method of Lee et al. [10] and 
by assuming three different resting states of the skeleton with unstressed bonds (for details 
see text). 
 

Initial geometry 
Extension ratios 

Lee
mλ  mλ  

Two circles 1.213 1.284 

Biconcave shape 1.285 1.286 

Sphere 1.316 1.280 

 
All the calculations were performed also by assuming that the skeleton in the 
resting state of the RBC is uniformly stressed. We simulated the prestress model 
of Discher et al. [2], where the junctions on the skeleton are forced to be either 
closer together or more distant in the cell than they would be if the skeleton were 
separated from its bilayer. The spectrin bond that is connecting two junctions 
with its equilibrium length L0,0 was stressed (condensed or stretched) to length 
L0, which is the initial length of the bond. The ‘prestress factor’ is defined as the 
ratio between lengths L0,0/L0. When the ratio is smaller than 1, the bond in its 
initial state is extended and when it is larger than 1, the bond in its initial state is 
compressed. Skeleton deformation was tested for the prestress factors from  
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0.8 to 1.7. The extension ratios at the hemispherical cap obtained (not shown) 
were larger in the case of stretched bonds and smaller in the case of condensed 
bonds. The density at the cap was thus obtained to be higher at the condensed 
initial state of the bonds. The application of the prestress situation to the method 
of Lee et al. [10] shows that the prestressed skeleton does not significantly affect 
the results presented in Table 2.  
 
DISCUSSION 
 

The RBC skeleton is a two-dimensional network whose macroscopic elastic 
properties exhibit shear elasticity. It is laterally much softer than the lipid bilayer 
part of the RBC membrane. RBC deformations cause large extensions of the 
spectrin tetramers, which are the prevailing microscopic, elastic element of the 
RBC membrane [2]. It is expected that the skeleton deformation depends on the 
initial state of the network and on how the system changes its geometry.  
A possible assumption is that when the cell is in its resting shape, e.g., the 
discocyte, the skeleton elements are distributed uniformly and are in the initial 
stress-free state. But it can also be assumed that the skeleton is distributed 
uniformly and in a stress-free manner when the RBC is spherical. It is also 
possible that the real RBC, whether it is in a biconcave or a spherical shape, is 
not at all in a stress-free distribution because of the variety of shapes assumed by 
the RBC during its passage through the blood [15].  
A way to get some answers to the questions concerning the resting state of the 
skeleton is to measure its deformation under some well-defined experimental 
conditions and compare the obtained results with the predictions of calculations 
based on different assumptions about the initial skeleton lateral distribution. For 
this purpose we studied the effects on the skeleton lateral distribution in the case 
that the cell is aspirated into a micropipette with an aspiration pressure that 
causes the cell outside the micropipette to become spherical. The skeleton 
deformation and shape determination are then not coupled, as they are, for 
instance, when pulling a cell with two opposing beads attached to its membrane 
[16, 17]. The analysis of RBC aspiration is also of interest because it was possible 
on the basis of this method to measure the skeleton deformations directly [10].  
We tested the effect of the initial state of the skeleton by choosing, as the initial 
skeleton geometry, two limiting cases, i.e., two flat circles and a sphere, and the 
intermediate biconcave shape (Figs. 1 and 2). The first of these initial geometries 
is an approximation to the discocytic RBC in that it emphasizes the two flat 
sides of the RBC discoid geometry. The biconcave shape presents the generally 
accepted shape of the resting state of the RBC and serves as a reference model. 
The spherical initial geometry, which is our third model, in an idealized way 
simulates the average of different shapes that the RBC experiences in the blood 
circulation.  
The comparison of the results obtained for the three initial geometries (Fig. 3) 
shows why the deformational response differs for different changes of the 
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geometry. Different initial shapes of the RBC skeleton lead to different skeleton 
distributions in the deformed state. The difference between the predictions of the 
models can be understood by comparing the geometrical changes involved. One 
of the geometrical parameters that matters is the length of the contour of the 
axial cross-section of the cell. Assuming the same initial area of the RBC 
membrane, the ratios between the contour lengths of either the two circles, the 
biconcave shape or the sphere and of the aspirated cell (which is the same in all 
cases) are 1.27, 1.21 and 1.14, respectively, for the models presented in Fig 3. 
With the same deformation the skeleton is, therefore, more extended in the 
direction of its meridian in the cases of the two circles and the biconcave shape 
than in the case of the sphere. This is reflected in different distributions of the 
extension ratio λm. The effect of the change of the skeleton geometry on the 
extension ratio λp is due to the change of the distances of skeleton patches from 
the axis for different geometries. The course of the extension ratios at the 
spherical part outside the micropipette where the minimum of λp occurs is 
understood by larger distance of the skeleton close to the cell rim in the cases of 
two circles and the biconcave shape in comparison to the corresponding distance 
of the sphere of the aspirated cell. An important implication of our simulations is 
that a perturbation of the relatively small (aspirated) part of the membrane may 
have an effect on the skeleton density over the whole cell.  
It was of interest to compare the numerical prediction of our three models and 
also their prestressed variations to the experimental data of Discher et al. [2]: 
densities of the skeleton near the pole of the hemispherical cap and at the 
micropipette entrance. Similarly as Discher et al. [3], we could obtain 
comparable results only by applying prestress (compressed) initial distribution of 
the skeleton. In our case the obtained densities for the prestress ratio L0,0/L0 
between 1.3 and 1.7 better agreed at the entrance of the micropipette, whereas 
the densities at the pole of the hemispherical cap took too low values in 
comparison to the experimental and simulated data of Discher et al. [2, 3].  
The simulations made were also used to evaluate the results of the “two 
micropipette approach.” Lee et al. [10] interpreted their results by using the 
sphere as the initial cell geometry. From Table 2 it can be seen that if we 
determine the extension ratio λm by the ratio between the widths of the bleached 
membrane section for the left and the right pipetting, the obtained result, in 
practice, depends on the initial geometry. However, the differences in the 
predictions of different initial skeleton geometries are not significant in view of 
possible experimental uncertainties. It is, however, necessary to keep in mind 
that the shifts from the correct values are systematic. 
In conclusion, the presented analysis suggests that in studying deformations of 
the RBC membrane by observing the redistribution of its skeleton, the 
interpretation of the corresponding experimental results might depend on the 
choice of the RBC resting shape. The presented analysis also reveals that the 
skeleton redistribution caused by deformations is mainly the consequence of the 
change of the skeleton geometry. 
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